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Special functions of matrix argument arise in a diverse range of applications in
harmonic analysis, number theory, multivariate statistics, quantum physics, and
molecular chemistry. This paper presents series expansions for the Bessel functions
associated with Jordan algebras of rank 2 or 3. Detailed information on the
domains of convergence of these series are given where Horn’s theorems for
double and triple hypergeometric series are used. Q 1999 Academic Press
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INTRODUCTION
w xThis paper takes its origins in the work 3 where Dib dealing with
Bessel functions associated with Jordan algebras of rank r studied the
system of singular second order partial differential equations:
R f q f s 0. 1Ž .n
The operators R , 1 F i F r, are defined byn , i
› 2 › d 1 › ›
R s l q n q 1 q l y l .Ž . Ýn , i i i j2 ž /›l 2 l y l ›l ›l›l i i j i ji j/i
This system was introduced by Muirhead in multivariate statistics when he
w xstudied the hypergeometric functions of matrix argument. In 12 he
showed, among others, how such a system of operators may be used to
obtain asymptotic expansions for some distributions occuring in multivari-
ate analysis.
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Much more the special functions of matrix argument are of interest on
purely analytic grounds. In the context of harmonic analysis, but motivated
by questions in analytic number theory, Bessel functions of real matrix
w x w xargument where first introduced by Bochner 1 . C. Herz 9 treated those
Bessel functions in great detail. Series expansions were developed by
w x w xJames 11 , Constantine 2 , and others to study certain invariant statistical
distributions. In the study of infinite-dimensional representation theory,
w xGross and Kunze 6, 7 developed a theory of operator-valued Bessel
functions of matrix argument.
Also by mean of the contraction principle used in quantum physics,
w xHolman 10 derived series expansions for Bessel functions on the complex
w x2 = 2 matrix space. Recently it has been shown by Richards 13 that
integrals arising in molecular chemistry are related to the Bessel functions
Ž w x.of matrix argument see 8 .
One of the problems which arise in the above works is to find explicit
forms for these Bessel functions. A more general problem arises with the
Bessel systems associated with Jordan algebras. In this context Dib showed,
among others, that the dimension of the space of solutions of this system is
less or equal to 2 r and he conjectured that this dimension is exactly 2 r.
In this paper positive answers to this conjecture are given in the case of
the rank r s 2, 3. In these studies double and triple series expansions for
Bessel functions are obtained. A study of the domains of convergence of
Ž w x.these series, using Horn’s method see 14 , is developed.
The paper is divided into three sections:
In section I we bring together the required informations related to
Bessel systems on Jordan algebras of rank r, and to domains of conver-
gence for double and triple hypergeometric series.
Section II concerns the resolution of the Bessel systems of rank two
where the solutions are given in double series expansion form. We show
that, in this case, the solutions are obtained by means of series of the form:
‘
d pyd Ž2 qqnqd r2. qa t t , d s 0, 1.Ý p , q 1 2
p , qs0
For the absolute convergence of these series Horn’s theorem for double
hypergeometric series is needed.
In section III we construct solutions of Bessel systems of rank three by
mean of triple series of the following form:
Ad , d
X
t pyd Ž2 qqa1.qa rqb t qyd
XŽ2 rqa2 .t 4 , d , d X s 0, 1.Ý p , q , r 1 2 3
p , q , rG0
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We study the domains of convergence of these solutions by use of Horn’s
theorem for triple hypergeometric series.
One motivation of this study is the hope to obtain analogous for the
solutions of the higher rank Bessel systems by mean of an inductive
method.
I am grateful to Professor H. Chebli for instructive conversations and
helpful suggestions.
I. PRELIMINARIES
In this section we review and introduce briefly some results concerning
Ž . Ž w x.the systems 1 associated with Jordan algebras see 3, 4 , called the
Bessel system of rank r. We collect basic results on double and triple
w xhypergeometric series needed in this paper. Our reference is the book 14 .
a. The Bessel System of Rank r
Let A be a simple Euclidean Jordan algebra of dimension n and rank r,
w xV the associated symmetric cone and G the gamma function of V. In 5V
Faraut and Travaglini introduced the associated Bessel function I , whichn
for n g C, R en ) y1, is defined by the following integral representation
G n q nrrŽ . y1V ynynrrtr zy² x , z :I x s e det z dz ,Ž . Ž .Hnn 2p iŽ . aqiA
where a and x are in V.
w xIn 3 Dib showed that J is the regular solution of the systemn
R f q f s 0,n
where R , 1 F i F r, is defined byn , i
› 2 › d 1 › ›
R s l q n q 1 q l y l .Ž . Ýn , i i i j2 ž /›l 2 l y l ›l ›l›l i i j i ji j/i
Here the scalars l , . . . , l are the eigenvalues of the element x of A and1 r
Ž .d is an associated integer. Using the elementary symmetric functions t l ,i
i s 1, . . . , r, he showed that this system is equivalent to the following
Z r f s 0, I.1Ž . Ž .n
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r Ž .consisting in the equations Z f s 0, 1 F k F r, wheren , k
2r › d ›
r kZ s A q n q 1 q r y k q d ,Ž .Ýn , k a , b k1› t › t 2 › ta b ka , bs1
and
t if a , b G k¡aqbyk
k ~A s yt if a , b - k and a q b G ka , b aqbyk¢
0 otherwise.
b. A Preliminary Result
For n g C we take back the system Z r and we denote by Z r then yn
previous system where we substitute yn to n .
The following result allows us to reduce the search of the solutions of
the system below.
r Ž .LEMMA I.1. Let n g C, and let g be a function such that Z g s 0;yn
rŽ yn .then Z t g s 0.n r
Proof. Notice that
0 if b / k ,kA srb ½ t if b s k .r
Then, for 1 F k F r y 1, we can rewrite Z r in the following formk , n
2 2ry1 › d › ›
r kZ s A q n q 1 q r y k q 2 t q d ,Ž .Ýn , k a b r k1› t › t 2 › t › t › ta b k r ka , bs1
and we have
ry1 2 2› › ›
r rZ s A q t q n q 1 .Ž .Ýn , r a b r 2› t › t › t› ta b rra , bs1
Let f s tyn g ; after computations using the previous form of the studiedr
system we deduce that
Z r tyn g s tyn Z r g .Ž .Ž .n r r yn
Then the statement of the lemma follows.
c. Double Hypergeometric Series
Ž w x.Let us consider the double hypergeometric series see 14, p. 56
F x , y s C x m y nŽ . Ý m , n
m , nG0
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and define the functions f and g by:
C Cmq 1, n m , nq1
f m , n s and g m , n s .Ž . Ž .
C Cm , n m , n
We assumed that they are rational functions. Let
y1¡
r m , n s lim f mu, nu m ) 0 n G 0,Ž . Ž .
u“‘~ I.2Ž .and
y1
s m , n s lim g mu, nu m G 0, n ) 0,Ž . Ž .¢
u“‘
from these functions and we define two subsets or R2 byq
C s r , s g R2 r0 - r - r 0, 1 or 0 - s - s 0, 1 ,Ž . Ž . Ž . 4q
and
Z s r , s g R2 r;m , n g R2 , 0 - r - r m , n or 0 - s - s m , n .Ž . Ž . Ž . 4q q
We have the following theorem.
HORN’S THEOREM FOR DOUBLE SERIES. The union of Z l C and its
projections upon the coordinate axes is the representation in the absolute
2 2 Ž .quadrant R of the domain of con¤ergence in C for the series F x, y .q
d. Triple Hypergeometric Series
Ž w x.For a triple hypergeometric series see 14, p. 128
S x , y , z s C x m y nz p ,Ž . Ý m , n , p
m , n , pG0
we define the functions f , g and h by:
Cmq 1, n , p
f m , n , p s ,Ž .
Cm , n , p
Cm , nq1, p
g m , n , p s ,Ž .
Cm , n , p
and
Cm , n , pq1
h m , n , p s .Ž .
Cm , n , p
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We assumed that they are rational functions. We set
y1¡
r m , n , p s lim f mu, nu, pu m ) 0, n G 0, p G 0,Ž . Ž .
u“q‘
y1
s m , n , p s lim g mu, nu, pu , m G 0, n ) 0, p G 0,Ž . Ž .~ u“q‘
and
y1
t m , n , p s lim h mu, nu, pu , m G 0, n G 0, p ) 0.Ž . Ž .¢
u“q‘
I.3Ž .
From these functions the following subsets of R3 are defined:q
C s r , s, t g R3 rr - r 1, 0, 0 , s - s 0, 1, 0 and t - t 0, 0, 1 ,Ž . Ž . Ž . Ž . 4q
X s r , s, t g R3 r; n , p g R2 , s - s 0, n , p or t - t 0, n , p ,Ž . Ž . Ž . Ž . 4q q
Y s r , s, t g R3 r; m , p g R2 , s - r m , 0, p or t - t m , 0, p ,Ž . Ž . Ž . Ž . 4q q
Z s r , s, t g R3 r; m , n g R2 , r - r m , n , 0 or t - s m , n , 0Ž . Ž . Ž . Ž . 4q q
and
E s r , s, t g R3 r; m , n , p g R3 , r - r m , n , p orŽ . Ž . Ž . q q
s - s m , n , p or t - t m , n , p .Ž . Ž . 4
The following theorem will be used.
HORN’S THEOREM FOR TRIPLE SERIES. The union of D and its projections
upon the coordinate planes is the representation in R3 of the con¤ergenceq
3 Ž .domain in C for the series S x, y, z , where
D s E l X l Y l Z l C.
II. BESSEL SYSTEMS OF RANK 2
Ž .In this case the system I.1 reduces to
2 2¡ › › d ›
t q 2 t q n q q 1 q 1 f s 0,Ž .1 22 ž /› t › t 2 › t› t 1 2 11~ II.1Ž .2 2› › ›
y q t q n q 1 f s 0.Ž . Ž .22 2¢ › t› t › t 21 2
N. H. MAHMOUD378
a. Formal Solutions
Ž .Since the first equation of the system II.1 is homogeneous in t , we2
q Ž .seek its solutions in the form t h t , q g N. A straightforward computa-2 q 1
tion shows that h must be a solution of the classical Bessel equation ofq
type
t hY t q 2k q n q 1 q dr2 hX t q h t s 0.Ž . Ž . Ž . Ž .1 1 1 1
A basis of solutions of this equation is given by
tyqyn r2yd r4J 2 t1r2 and tyqyn r2yd r4J 2 t1r2 ,Ž . Ž .1 2 qqnqd r2 1 1 y2 qynyd r2 1
where J is the first kind Bessel function of indice, n , n g R. Then then
Ž .series expansion of J leads us to seek the solutions of II.1 in the formn
f d t , t s ad t pyd Ž2 qqnqd r2.t q , d s 0, 1. II.2Ž . Ž .Ýn 1 2 p , q 1 2
p , qG0
Ž .  4PROPOSITION II.1. Let n g C such that n , n q dr2 f y1, y2, . . . .
Then the functions f 0, and f 1, defined byn n
p p qy1 t tŽ . 1 20f t , t s ,Ž . Ýn 1 2 n q 1 q dr2 n q 1 p! q!Ž . Ž .Ž . qpq2 qp , qG0
II.3Ž .
p py2 q qy1 n q dr2 t tŽ . Ž .Ž . 2 q 1 21 ynyd r2f t , t s tŽ . Ýn 1 2 1 y2 q y n y dr2 q 1 n q 1 p! q!Ž . Ž .Ž . qpp , qG0
Ž .are formal solutions of the system II.1 .
d Ž .Proof. Let f given by the expression II.2 . The formal resolution ofn
2Ž d .the equation Z f s 0 leads, for q G 0, to the systemn n
d¡ a p q 1 y d 2 q q n q dr2Ž .Ý pq1, q
pGy1
= p q 1 q 2 q q n q dr2 1 y dŽ . Ž .
pyd 2 q q d pyd 2 q q=t t s y a t t ,Ý1 2 p , q 1 2
pG0~ II.4Ž .da p q 2 y d 2 q q n q dr2Ž .Ý pq2, q
pGy2
pyd 2 q q= p q 1 y d 2 q q n q dr2 t tŽ . 1 2
d pyd 2 q qs a q q 1 q q n q 1 t t .Ž . Ž .Ý pq2 d , qq1 1 2¢ pGy2 d
Here we suppose ad s 1.0, 0
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v The case d s 0. From the previous system it follows that the
coefficient a0 satisfies the following relations:p, q
a0 p q 1 p q 1 q 2 q q n q dr2 s ya0 ,Ž . Ž .pq1, q p , q
p , q G 0
0 0½ a p q 1 p q 2 s a q q 1 1 q n q 1 .Ž . Ž . Ž . Ž .pq2, q p , qq1
We deduce by induction that
py1Ž .
0a s ,p , q p!q! n q dr2 q 1 n q 1Ž . Ž .pq2 q q
Ž . Ž . Ž .where a s a a q 1 ??? a q q y 1 .q
v Ž .The case d s 1. In the same way it follows that the system II.4
reduces to
¡ 1 1a s yp y 1 q 2 q q n q dr2 p q 1 a ,Ž . Ž .p , q pq1, q~ p y 1 y 2 q y n y dr2 p y 2 q y n y dr2Ž . Ž .
1 1a s ap , qq1 p , q¢ q q 1 q q n q 1Ž . Ž .
p , q G 0,
By induction we have
py1 n q dr2Ž . Ž . 2 q1a sp , q p!q! n q 1 y2 q y n y dr2 q 1Ž . Ž .q p
and the proposition follows.
b. Domains of Con¤ergence
To study the domain of convergence of the formal series f 0 and f 1 wen n
use Horn’s theorem for double hypergeometric series. The next theorem is
obtained.
Ž .THEOREM II.2. Let n g C such that n , n q dr2 f Z; then:
Ž . 0 1i The domains of con¤ergence of the series f and f , gi¤en by" n " n
Ž .II.3 , are, respecti¤ely,
1 20 2 1 2 < < < <D s C , and D s t , t g C , 0 - t - t - ‘ .Ž . 41 2 2 14
Ž . Ž . 2ii The space of solutions of the system II.1 is of dimension 2 . A
basis is gi¤en by the double series f 0, f 1, tyn f 0 and tyn f 1 .n n 2 yn 2 yn
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Proof. Let f 0 and f 1 be the series defined in the proposition II.1. It isn n
easy to see that the domain of convergence D0 of the series f 0 is C2.n
Let s s t rt 2, and let us consider the double hypergeometric series2 1
a1 t psq .Ý p , q 1
p , qG0
In this case, by formulas I.2, we have
1r p , q s q‘ and s p , q s .Ž . Ž . 4
It follows that the domain of convergence D, of this series, is
12 < < < <D s t , s g C , 0 - t - ‘ and 0 - s - .Ž . 41 1 4
Hence the domain of convergence of the series f 1 isn
1 21 2 < < < <D s t , t g C , 0 - t - t - ‘ ;Ž . 41 2 2 14
Ž .then we have i .
Using the lemma I.1, we deduce that f 0, f 1, tyn f 0 and tyn f 1 are fourn n 2 yn 2 yn
solutions of the system II.1. Since its space of solutions is of dimension less
2 Ž w x. Ž .or equal to 2 see 3 , then we deduce ii .
III. THE BESSEL SYSTEMS OF RANK 3
The system Z 3 is given byn
¡ 2 2 2 2› › › › ›
t q 2 t q a q 1 q 2 t q t q 1,Ž .1 2 1 3 32 2› t › t › t › t › t› t › t1 2 1 3 11 2
2 2 2› › › ›~y q t q a q 1 q 2 t ,Ž .2 2 32 2 › t › t › t› t › t 2 3 21 2
2 2 2› › › ›
y2 y t q t q n q 1 ,Ž .1 32 2¢ › t › t › t› t › t1 2 32 3
where a s n q d and a s n q dr2.1 2
a. Formal Solutions
By analogy with the case of rank 2, we search solutions of the system
Z 3 G s 0 III.1Ž . Ž .n
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of the form
Gd , d
X
t , t , t s Ad , d
X
t pyd Ž2 qqa1.qa rqb t qyd
XŽ2 rqa2 .t 4 ,Ž . Ýn 1 2 3 p , q , r 1 2 3
p , q , rG0
d , d X s 0, 1 III.2Ž .
where a is an integer and b is a function of n .
PROPOSITION III.1. Let n g C, such that n , n q dr2, n q d f y1,
4 iy2, . . . . Then the functions G , 1 F i F 4, defined byn
G1 t , t , t s A1 t p t qt r ,Ž . Ýn 1 2 3 p , q , r 1 2 3
p , q , rG0
G2 t , t , t s tya 2 A2 t p t qy2 r t r ,Ž . Ýn 1 2 3 2 p , q , r 1 2 3
p , q , rG0
G3 t , t , t s tya1 A3 t py2 qy3 r t q t r ,Ž . Ýn 1 2 3 1 p , q , r 1 2 3
p , q , rG0
G4 t , t , t s t 2 a1ya 1 tya 2 A4 t py2 qqr t qy2 r t r ;Ž . Ýn 1 2 3 1 2 p , q , r 1 2 3
p , q , rG0
Ž . iare formal solutions of the system III.1 . Here the coefficients A , 1 F i Fp, q, r
Ž .4 are gi¤en by the expressions III.4]7 .
Proof. We let pX s p y 2 d q q a r and qX s q y 2 d X r. The system
3Ž d , d X.Z G s 0 reduces, for r G 0, to the followingn n
X¡ X XA q q 2 y d 2 r q aŽ .Ý pqaq4d Ž1yd . , qq2Ž1yd . , ry1 2
S1
X XX p q r= q q 1 y d 2 r q a t t tŽ .2 1 2 3
q A p q 1 q 1 y d 2 q q aŽ . Ž .Ý pq1, q , r 1~ qG0, pGy1 III.3Ž .
X Xq2 r 1 y 2d q ar2 q b y 2d aŽ . 2
X Xp q r= p q 1 y d 2 q q a q a r q b t t tŽ .1 1 2 3
X Xp q rq A t t t s 0,Ý p , q , r 1 1 3¢ p , qG0
¡ A p q 2 y d 2 q q a q a r q bŽ .Ý pq2, q , r 1
S2
X Xp q r= p q 1 y d 2 q q a q a r q b t t tŽ .1 1 2 3~
Xs A q q 1 y d 2 r q aŽ .Ý pq2 d , qq1, r 2
S3
X XX p q r¢ = q q 1 y d 2 r q a q 1 t t t ,Ž . Ž .1 1 2 3
N. H. MAHMOUD382
and
¡2 A p q 1 y d 2 q q a q a r q bŽ .Ý pq2 dq1, qq1, r 1
S4
X XX p q r= q q 1 y d 2 r q a t t tŽ .2 1 2 3
Xq A q q 2 y d 2 r q aŽ .Ý~ py1q4d , qq2, r 2
S5
X XX p q r= q q 1 y d 2 r q a t t tŽ .2 1 2 3
X Xp q r
X X w x w xs A r q 1 r q 1 q n t t tÝ pyaq4dd , qq2 d , rq1 1 2 3¢ S6
with
S s r G 1, q G y2 q 2d X , p G 4d d X y 1 y a , 4Ž .1
 4S s q G 0, p G y2 ,2
 4S s q G y1, p G y2d ,3
 4S s p G y2d y 1, q G y1 ,4
 4S s p G 1 y 4d , q G y2 ,5
 X X 4S s p G a y 4dd , q G y2d .6
v
XThe case d s d s 0. A simple subscripts analysis, of the system
Ž .III.3 , allows us to show that, in this case, we have necessarily a s b s 0.
We deduce that, for p, q, r G 0, this system reduces to the following:
¡ 1 w x1 A p q 1 p q 3 q 2 q q 2 r q aŽ . Ž .pq1, q , rq1 1
1 1qA q q 2 q q 1 q A s 0,Ž . Ž .p , qq2, r p , q , rq1
X 1 1 w x1 A q A p q 1 p q 2 q q a q 1 s 0;Ž . Ž .p , q , 0 pq1, q , 0 1
1 1~ w xw x w x2 A p q 1 p q 2 s q q 1 q q 2 r q a q 1 A ;Ž . Ž .pq2, q , r 2 p , qq1, r
1 13 q q 1 2 p q 2 A q q q 2 AŽ . Ž . Ž . Ž .pq2, qq1, r p , qq2, r
1s r q 1 r q n q 1 A ,Ž . Ž . pq1, q , rq1
X 1 1¢ 3 A r q 1 r q n q 1 s 2 q q 1 AŽ . Ž . Ž . Ž .0, q , rq1 1, qq1, r
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1 00 Ž .where we substitute A to A . By induction the equation 2 of thep, q, r p, q, r
previous system shows that
p q 2 q !Ž .
1 1A s A ,p , q , r pq2 q , 0 , rp!q! 2 r q aŽ . q2
Ž .and when q s 0 in 3 , we have
p q 3r ! 2 a q p q 3rŽ . Ž .2 r1 1A s A .p , 0 , r pq3 r , 0 , 0p!q! n aŽ . Ž .r 2 2 r
Ž X.Suppose q s 0 in 1 ; we deduce that
py1Ž .
1 1A s A ,p , 0 , 0 0, 0, 0p! aŽ . p1
so we have
pq ry1 2 a q p q 2 q q 3rŽ . Ž .2 r1 1A s A . III.4Ž .p , q , r 0, 0, 0p!q!r ! a n aŽ . Ž . Ž .pq2 q pq2 qq3 rr2 1
Let us suppose A1 s 1 and denote by G1 the series defined by0, 0, 0 n
G1 t , t , t s A1 t p t qt r .Ž . Ýn 1 2 3 p , q , r 1 2 3
p , q , rG0
v
XThe case d s 0, d s 1. In this case, for p, q, r G 0, we show that
Ž .the system III.3 reduces to the following
¡ 2 2q y 2 r y a y 1 q y 2 r y a A q AŽ . Ž .2 2 p , q , r p , q , rq1
2q p q 1 p y 1 q 2 q y 2 r y n A s 0,Ž . Ž . pq1, q , rq1
2 2A q p q 1 p q 2 q y n q 1 A s 0,Ž . Ž .p , q , 0 pq1, q , 0
2 2p q 2 p q 1 A s q q 1 q y 2 r y a q 1 A ,Ž . Ž . Ž . Ž .pq2, q , r 2 p , qq1, r
2 2~ q y 2 r y a 2 p q 2 A q q y 2 r y a q 1 AŽ . Ž . Ž .2 pq2, q , r 2 p , q , r
2s r q 1 r q n q 1 A ,Ž . Ž . p , qq1, rq1
2 22 q y 2 r y a A s r q 1 r q n q 1 A ,Ž . Ž . Ž .2 1, q , r 0, qq1, rq1
2 22 r q a q 1 2 r q a A s r q 1 r q n q 1 A ,Ž . Ž . Ž . Ž .2 2 p , 0 , r pq1, 0, rq1
2¢A s 0.0, 0, rq1
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As in the previous case, we show that we can take
pq r¡ y1 a p q 2 q y r q 1Ž . Ž . Ž . r2 2 r ,
p!q!r ! n q 1 1 y 2 r y a 1 y nŽ . Ž . Ž . pq2 qyr2 qr~ 2A s III.5Ž .p , q , r
if p q 2 q G r¢
0, otherwise.
Let G2 be the series defined byn
G2 t , t , t s tya 2 A2 t p t qy2 r t r .Ž . Ýn 1 2 3 2 p , q , r 1 2 3
p , q , rG0
v
X Ž .The case d s 1, d s 0. As in the previous cases the system III.3
admits a solution if and only if a s y3 and b s 0. We denote by G3 andn
A3 the, respectively, associated series and coefficients; then, for p, q, rp, q, r
G 0, we have
¡ 3 3p y r p y 2 y 2 q y 3r y a A q AŽ . Ž .1 pq1, q , rq1 p , q , rq1
3s y q q 1 q q 2 AŽ . Ž . pq1, qq2, r
3 3A q p q 1 p q 1 y 2 q y a A s 0,Ž . Ž .p , q , 0 1 pq1, q , 0
3 3r q 1 y2 q y 3r y a y 3 A s q q 1 q q 2 AŽ . Ž . Ž . Ž .1 0, q , rq1 0, qq2, r ,~
3p y 2 q y 3r y a p y 2 q y 3r y a y 1 AŽ . Ž .1 1 p , q , r
3s q q 1 q q 1 q 2 r q a A ,Ž . Ž .1 p , qq1, r
3 3q q 1 2 p y 2 q y 3r y a y 2 A q q q 2 AŽ . Ž . Ž .1 p , qq1, r p , qq2, r
3¢ s r q 1 r q n q 1 A .Ž . Ž . p , q , rq1
We deduce that we can take
ry1 a p q n q 1Ž . Ž . Ž .ypq2 qq3 r r13A s . III.6Ž .p , q , r p!q!r ! 1 q a n q 1Ž . Ž .qq2 r r2
v
XThe case d s d s 1. In this case we have necessarily a s 1 and
4 Ž .b s 2 a ; let A be the associated coefficients. The system III.3 gives2 p, q, r
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us the following relations
¡ 4 4A s p y 2 q q r q n p y r AŽ . Ž .p , q , rq1 pq1, q , rq1
4q q y 2 r y a q y 2 r y a y 1 A ,Ž . Ž .2 2 pq1, q , r
4 4p q 1 p q 1 y 2 q q n A q A s 0,Ž . Ž . pq1, q , 0 p , q , 0
4r q 1 y2 q q r q 1 q n AŽ . Ž . 0, q , rq1
4s q y 2 r y a y 1 q y 2 r y a A ;Ž . Ž .2 2 0, q , r
4~ p y 2 q q r q n p y 1 q r y 2 q q n AŽ . Ž . p , q , r
4s A q q 1 q q 1 y 2 r y a ;Ž . Ž .p , qq1, r 2
4 42 p y 2 q q r q n A q q y 2 r y a q 1 AŽ . Ž .p , q , r 2 p , qq1, r
4= q y 2 r y a s r q 1 r q n q 1 AŽ . Ž . Ž .2 p , qq1, rq1
4y2 r y a y2 r y a y 1 AŽ . Ž .2 2 p , 0 , r
4¢ s r q 1 r q n q 1 A ,Ž . Ž . p , 0 , rq1
where p, q, r G 0. We deduce that
pqqy1 a yp y r y nŽ . Ž . Ž . 2 q2 ryq24A s . III.7Ž .p , q , r p!q!r ! n q 1 n q 1Ž . Ž .p r
Let G4 be the associated series. Then the proposition follows.n
b. Domains of Con¤ergence
The study of the domains of convergence allows us to deduce a basis of
Ž .solution of the system III.1 .
Ž .THEOREM III.2. Let n g C such that n , n q dr2 , n q d f Z; then
Ž . ii The domains of con¤ergence of the series G , 1 F i F 4, satisfy" n
Ž .the relations III.8]11 .
Ž . Ž . 3ii The system III.1 has a 2 dimensional solutions space. A basis is
gi¤en by the functions Gi and tyn Gi , 1 F i F 4.n 3 yn
Proof.
v The Horn’s method for triple hypergeometric series allows us to
1 Ž .show that in the case of the series G and by the formulas I.3 , we have
s p , q , r s t p , q , r s r p , q , r s q‘.Ž . Ž . Ž .
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Let D1 be its domain of convergence; then
D1 s C3. III.8Ž .
v
2The domain of convergence of the series G is determined by the
associated series
C p , q , r t p t qt r ,Ž .Ý 1 2
p , q , rG0
with t s t rt 2 and3 2
¡ 2 r ! p q 2 q !Ž . Ž .
,2 2p!q! r ! y2 r y a q 1 p q 2 q y r !Ž . Ž . Ž .q2~C p , q , r sŽ .
if p q 2 q G r¢
0, otherwise.
Let
2 r ! p q 2 q !Ž . Ž .
C˜ p , q , r s ;Ž . 2p!q! r ! y2 r y a q 1Ž . Ž . q2
we have the obvious relation
˜C p , q , r F C p , q , r .Ž . Ž .
Applying the Horn’s method to the series
˜ p q rC p , q , r t t t ,Ž .Ý 1 2
p , q , rG0
we show that in this case
p
r p , q , r s ,Ž .
p q 2 q
< <q 2 r y q
s p , q , r s ,Ž . 2p q 2 qŽ .
and
r 2
t p , q , r s .Ž . 22 r y qŽ .
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< < < < < <We deduce that for ¤ s t , s s t and u s t , we have1 2
1 1qC s ¤ , s, u g R r¤ - 1, s - and u - ,Ž . 43 4 4
q 'X s ¤ , s, u g R r4 s 1 q 2 u - 1 ,Ž . 4Ž .3
1qY s ¤ , s, u g R r¤ - 1 or u - ,Ž . 43 4
q 'Z s ¤ , s, u g R r¤ q 2 s - 1 ,Ž . 43
and
q ''E s ¤ , s, u g R r¤ q 2 s 1 q 2 u - 1 .Ž . Ž .½ 53
We show that the domain of convergence of the previous series is given by
E l C and that if D2 is the domain of convergence of G2, then
212 3 < < < < < < < < < <D > t , t , t g C , t q 2 t q 2 t - 1 l t - t .'Ž . '  4½ 51 2 3 1 2 3 3 24
III.9Ž .
v
3To study the domain of convergence of the series G , we let
t t2 3¤ s , s s ,2 3t t1 1
and we consider the series
A3 t p¤ qs r .Ý p , q , r 1
p , q , rG0
In this case we have
r p , q , r s ‘,Ž .
q q q 2 rŽ .
s p , q , r s ,Ž . 23r q 2 q y pŽ .
and
22r q q 2 rŽ .
t p , q , r s .Ž . 3< <p q r 3r q 2 q y pŽ .
We deduce that Y s Z s E s C3 and that the sets C and X are given byq
1 43 < < < <C s t , ¤ , s g C , ¤ - and s - ,Ž . 41 4 27
3 < < < <X s t , ¤ , s g C , ¤ - a m or s - b m ,Ž . Ž . Ž . 41
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where we let
2q m m q 2 m q 2Ž . Ž .
m s , a m s and b m s .Ž . Ž .2 3r 2m q 3 2m q 3Ž . Ž .
Ž . Ž .The study of the functions a m and b m allows us to deduce that
Ž . Ž .X ; C and that there exists a unique real m ) 0 such a m s b m /0 0 0
0. The domain D of convergence of the previous series is then given by the
following Horn’s set
3 < < < <D s t , ¤ , s g C , ;m ) 0, ¤ - a m or s - b m ,Ž . Ž . Ž . 41
and satisfies the relation
3 < < < <D > t , ¤ , s g C , ¤ - a m and s - b m .Ž . Ž . Ž . 41 0 0
Finally, the domain D3 of convergence of the series G3 is given by
3 3 < < < < 2 < < < < 3D s t , t , t g C , ;m ) 0, t - t a m or t - t b mŽ . Ž . Ž . 41 2 3 2 1 3 1
and we have
3 3 < < < < 2 < < < < 3D > t , t , t g C , t - t a m and t - t b m . III.10Ž . Ž . Ž . Ž . 41 2 3 2 1 0 3 1 0
The last domain is so not empty.
v
4In the case of G we set
t 2 t t3 1
s s and t s2 2t t1 2
and we consider the series
A4 t psqt r .Ý p , q , r 1
p , q , rG0
We show that
r p , q , r s q‘,Ž .
< <q q y 2 r
s p , q , r s ,Ž . 2p y 2 q q rŽ .
BESSEL SYSTEMS FOR JORDAN ALGEBRAS 389
and
< < 2p y 2 q q r r
t p , q , r s .Ž . 2p q r q y 2 rŽ . Ž .
Ž . Ž . Ž < <. ŽŽ .2 . Ž . Ž <Let m s qrr , a m s m m y 2 r 2m y 1 and b m s 2m y1 1
<. ŽŽ .2 .1 r 2 y m , we show that the sets C and X are given by
1 13 < < < <C s t , s, t g C , s - and t - ,Ž . 41 4 4
3 < < < <X s t , s, t g C , ;m ) 0, s - a m or t - b mŽ . Ž . Ž . 41 1 1
and that Y s Z s E s C3.
As in the previous case, we show that X ; C, that there exists a unique
Ž . Ž .real m , 0 - m - 1 such that a m s b m and we deduce that the1 1 1 1 1 1
domain D4 of convergence of the series G4 is given by
< < 2t224 3 < < < < < <D s t , t , t g C , ;m ) 0, t - t a m or t - b m .Ž . Ž . Ž .1 2 3 2 1 1 3 1½ 5< <t1
and satisfies
< < 2t224 3 < < < < < <D > t , t , t g C , t - t a m and t - b m .Ž . Ž . Ž .1 2 3 2 1 1 1 3 1 1½ 5< <t1
III.11Ž .
Since the dimension of the space of solutions of the considered system is
3 Ž w x.less or equal to 2 see 3 then, using the lemma I.1, the theorem is
proved.
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